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1. Introduction

Let X be a holomorphic vector-field on the compact complex analytic
manifold M. In an earlier note [3], the behavior of X near its zeros was re-
lated to the characteristic numbers of the tangent bundle to M, and the ex-
plicit form of this relation was computed in the most nondegenerate situation,
that is, in the case of X vanishing at isolated points to the first order. Our
aim here is to extend this result in two directions. On the one hand we con-
sider the characteristic numbers of more general bundles E over M on which
X “acts”, and on the other hand we allow X to vanish along submanifolds of
higher dimension but still only to the first order.

Both extensions are therefore essentially technical in nature, The first ex-
tension, to more general bundles, is especially direct and is worthwhile only
in so far as it helps to clarify the arguments of [3]. The extension to higher
dimensional zero-sets is less immediate and also seems to me of some interest
for the following reason :

When X has isolated singularities the formulas in question may be derived
from the generalized Lefschetz formula for transversal maps (see [2]). In the
present more general case this is not so; one would first of all need a suitable
generalization of the Lefschetz formula, and such an extension is available
now only if X satisfies some additional restrictions, such as leaving a Rieman-
nian structure invariant.? A Lefschetz formula for non-transversal maps is of
course closely related to the Riemannian-Roch question, so that our ultimate
motivation for this note is the hope that our results might be useful in an
eventual purely geometric understanding of Riemann-Roch and its generali-
zations.

To describe our results we need to define two notions. First of all, by an
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1TIn recently completed forthcoming papers by M. Atiyah & I. Singer [1], on the one
hand and Hlusie [4] on the other, our formula is derived by quite different methods for
vector fields of this type. Hlusie also derives a mod p version of our theorems for trans-
formations of order p-.
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“action” of the vector-field X on the vector bundle E, we will mean a differ-
ential operator

(1.1) A: I'(E) — I'(E)

on the C* sections of E which relative to C=-functions f satisfies the derivation
identity :

(1.2) AGs) = (X - s + f - AE) .

When M, X and E are holomorphic such an action will be called holo-
morphic, if in addition A commutes with d”- the 8/6Z part of the exterior
derivative d:

&' A=4-4d".

Thus the prototype for an action of this sort is the action of X on vector
fields given by the bracket operation

0(X)- Y_’[X: Y] B

and it was only this action which was considered in [1].

Secondly we need a convenient formalism for describing characteristic
numbers etc. For this purpose we make the following conventions.

Let o(x;, - - -, X;) be a symmetric homogeneous polynomial in g variables
with complex coefficients, We then define the value of ¢ on an endomorphism
A:V =V, of a complex g-dimensional vector space by the formula:

(1.3) o(A) = (2, Ay - -5 Ag)

where 2; are the eigenvalues of 4.

On the other hand we may define the value ¢(E) of ¢ on a complex vector
bundle E over M to be the cohomology class of M which is representative
by ¢(x) when the x; are interpreted as the formal roots of the Chern class of
E, that is, when the identity

(1 4) f[l a1+ tx;) = 1+ Z‘CI(E) e tmcq(E)

is assumed valid and is used to express the x;’s in terms of the Chern classes
c(E) of E.

One may finally extend and unify these two definitions in the following
manner. Suppose that E is a g-dimensional C-bundle over the space M, and
that 4: E — E is an endomorphism of E which is of “constant type” in the
sense that the eigenvalues of /A are constant on each component of M. Under
these circumstances one defines a cohomology class ¢(A4) of M, with complex
coefficients in the following manner : -
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It is sufficient to describe ¢(4) on each component of M, so assume M
connected and let {4;} denote the eigenvalues of A counted with multiplicities.
Also set E(2) equal to the largest sub-bundle of E on which (4 — 2) is nilpo-
tent. Then E decomposes canonically into a direct sum of sub-bundles E(2):

E=SEQ.

With this understood define ¢(/4) as the cohomology class determined by
the expression

(1.5) Py + Xy, 2 + X5y o0, A + %)

when x; is interpreted as a formal root of the Chern class of E(4;). Because
the expression (1.5) will be symmetric in all the x,’s which are associated to
equal eigenvalues this concept makes sense and determines a class on M
depending on the {4;} and the Chern classes of the sub-bundles E(4;) of E.

For instance, when these are all line-bundles, i.e., the {2;} are all distinct,
one has simply:

_Q_D(A) = @A + X1, A + Xy, v 00 A+ Xp) X = CI{E(Zi)}-
Note that when M reduces to a point this clearly agrees with our definition

of ¢ as an endomorphism of a vector space. Also we recapture the expression
o(E) if we evaluate ¢ on the zero-endomorphism of E:

9(0z) = @(E) .
Finally, note that if det denotes the symmetric polynomial x, x, - - - x,,
and 1z is the identity endomorphism, then
(1.6) det(lp) =c(E) =1 4+ a(E) + -+ +cn(B),
while
(L.7) det (0) = ca(E) .

In general it is easily checked that det (4) will be invertible in H*(M; C) if
and only if A is an automorphism of E.

With these conventions understood we may state our principal results.,

Theorem 1. Let A:I'(E)— I'(E) be a holomorphic action of the holo-
morphic vector-field X on the holomorphic bundle E over the compact holo-
morphic manifold M. Also let o(x,, - - -, x;), ¢ = dimE, be a homogeneous
symmetric polynomial of degree* =m, and let N range over the components
of the zero set of X. Then the local behavior of X near N determines certain
complex numbers Res (N) called the ¢ residue of A on N, such that

(1.8) o(E)[M] = ;_/_", Res,(N) .

2 Originaily I asserted this formula for degree of ¢<m, and I am greatful to P. Baum
for pointing out a gap in my argument for the case deg o<{m.
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Here of course the left hand side denotes the evaluation of the cohomology
class o(E) on the orientation cycle of M, so that for instance, the left hand
side vanishes when deg¢ <m. When degy = dim M and £ = TM is the
holomorphic tangent bundle of M, then ¢(E)[M] becomes a characteristic
number of M, so that we may in general describe the left hand side of (1.8)
as a characteristic number of £ on M.

This theorem was implicitly proved in [1] for the special case E = TM and
that proof extends directly to the present situation as will be shown in §2.

Our second theorem deals with the explicit computation of the ¢-residues
when X vanishes nondegenerately along N. To describe this formula, observe
first of all, that from the derivation formula (1.2) it follows immediately that
on the zero set of X, A becomes a differential operator of degree zero and
hence induces a bundle endomorphism :

A|N:E|N —E|N

on each component of the zero set of X. By compactness this endomorphism
is furthermore seen to be of constant type. Thus in particular, ¢(4|N) is a
well determined cohomology class of N.

Now suppose in addition that

(1.9) N is a complex submanifold of M ,

and

(1.10) the endomorphism ¢ | N, induced by the action of X on the
holomorphic tangent bundle TM, along N has precisely

TN for its kernel; i.e., the sequence

6|N

1.11 0— TN —TM|N—TM|N
is exact,

Under these circumstances we call N a nondegenerate component of
zero (X).

One may also state this requirement in the following manner: Clearly § | N
induces a homomorphism

(1.12) ¢'|N: TM/TN —— TM/TN

on the normal bundle of N in M. Nondegeneracy of N therefore implies
precisely that 8| N be an automorphism. Hence for a nondegenerate N, the
class det (6| N) will be an invertible element of H*(M, C).

Now then, concerning these components we have:

Theorem 2. If N is a nondegenerate component of zero (X), then
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(1.13) Res,(N) = {p(4| N)/det (6| N)} - [N] .

Note that when N reduces to a point P e M, then 4|P is simply an endo-
morphism of the fiber E, while #*|P = 6 |P is an endomorphism of T,M.,
Thus in that case our formula specializes to:

(1.14) Res, (P) = eAIP) _ oAy, -+, 2y)
det (8| P) by -,

with {2} the eigenvalues of £ | P, and {v,} the eigenvalues of ¢|P. Finally if
we set E=TM and 4 = @, our formula (1.14) therefore goes over into the
residue formula of [1].

In short our result may also be remembered this way : to pass from a point
P to N one must construct the class

So(zl + xl: M Zq + xq)
(Vl + )’1)(”2 + y2) . '(vm + ym)

in which the x; are formal Chern classes of the eigenbundle of 2, in E, and
the y, the corresponding objects for the normal bundle to N, - and integrate
the result over N. Thus eigenvalues 2 must be replaced by the sum 2 + x
where x is the formal Chern class associated to the eigenbundle of i. This
theorem I have found more difficult and technical than Theorem 1, and the
bulk of this paper is devoted to its proof. However, the basic fact on which
it hinges is closely related to the following result which might be of inde-
pendent interest :

Theorem 3. Let N be a nondegenerate component of zero (X) and let
TM be equipped with a Hermitian structure ( , ) which makes the decomposition

TM|N = TN @ Imaged | N

orthogonal. Also let S(N) be the normal e-sphere bundle over N, and denote
by o% the integration over the fiber in S(N). Now consider the function
[ X | = (X, X), and set

= —dlog| X, w=4d'z.
Finally write

_'Z__=7g{1+zw+t2w2+ cee}
1 —to

Then

. T
lim o,
=0 1 —tw
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exists as a form on N and is given by

ty—l

. . T _ oo
(1.15) lim %, (__> = Qmy e i

e 1 —tw
where k is the curvature form of the normal bundle to N in the induced
Hermitian structure.

This result should be thought of as a geometric generalization of a well-
known formula in the cohomology of a projective bundle. Indeed let E be a
holomorphic vector bundle over N, and let P(E) be the associated projective
bundle. Then if E is endowed with a Hermitian structure we may consider
the function f on E which measures the square of the height of point of E
from the zero section, and it is well known that the form:

(1.16) [0] = —_d"d log
2ri

as interpreted on P(E), generates H*{P(E)} over H*(N). Infact 1,[w], - - - ,[@]**
turn out to be generators of H*(P(E)) as an H*(N) module, and the Chern
classes of E turn out to be characterized by the equation

(1.17) [0]* + [0]*¢(E) + -+ + c,(E) = 0.

Let ¢, be the integration over the fiber in this fibering. Then one finds
that

(1.18) oelw]* =1,
from which it follows easily that qua power series in ¢,

(1.19) o:{l/ (1 — tflo])} = 1/c(E) .

Now, recalling that the curvature kz of F represents the Chern class by
the formula

c.(E) = det (1 + ti/2zx - k)

the analogy of (1.15) and (1.19) is apparent. In fact, Theorem 3 can be
thought of as the geometric proof of (1.19). Indeed if X denotes the radial
vector field on E which generates the action of R on E given by multiplication,
then the f of (1.16) may easily be identified with | X |* = (X, X) computed in
a Hermitian structure on TE which is constructed out of the given structure
on E and the pull back of some structure on M. The conditions (1.9), (1.10)
then become valid and so (1.15) may be used to prove (1.19).

The formula (1.15) is of course more general than (1.19). First of all N
need not have normal neighborhoods which are holomorphically isomorphic
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to the normal bundle of N, and secondly (1.15) remains meaningful in certain
noncompact situations where (1.19) is not,

2. The proof of Theorem 1 reviewed

Here we will briefly review the constructions of [3] but in the slightly ex-
tended form which is appropriate for the proof of Theorem 1.

First of all recall that ¢(E) can be represented by a differential form in the
following manner. Let E be endowed with a Hermitian structure (, ). This
structure then defines a canonical connection I on E which is of type (1, 0)
on holomorphic sections and preserves this inner product. The curvature
K = K(F) of this connection is then a 2-form on M with values in the bundle
of endomorphisms of E, End (E), which is characterized by the equation

avy.s=KF¥)-s

for a local aolomorphic section of E. Here d” denotes the ¢/gZ-part of the
operator d and is therefore well defined on I'(E),

Now our much extended ¢ extends yet again naturally to a function, also
denoted by ¢, from forms on W with values in End E, to ordinary forms.
Thus ¢(K) is a well determined differential form on M and it is a fundamental
fact that the theory of characteristic classes of the form ¢(K) represents the
class 2z /i)*E2(E).

The basic observation in [1] was that with the aid of a holomorphic vector
field X, one may construct a form » on M-zero X such that on the comple-
ment of zero (X),

(2.1) (X Ye(K) + d’9} =0,

where X’ denotes the (1, 0) component of X in the complexified tangent space
of M, and i(Y) the inner product with a vector field Y.

There, of course, the underlying bundle E was taken to be TM, the holo-
morphic tangent bundle of M. For a more general E this construction still
makes sense provided X admits a definite action A on E,

Indeed under this assumption we may define an operator L: ['(E) — I'(E)
by the formula:

2.2) L.s=4-5s—Vx-s, sel'(E)

where V; = i(X) - V is the covariant derivative of s relative to our connection
F in the direction X.

The operator L then turns out to be of degree zero and so may be thought
of as a section of the bundle End (E): L ¢ 7'{End (E)}.

Note that in the zero set of X, L clearly agrees with 4, so that L should be
thought of as the C> extension of 4 |zero (X).
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Applying the operator d” to (2.2) one obtains the identity
(2.3) d’L = i(X") - K
on which our construction hinges. Namely, just as in [3], (2.3) is first seen
to imply the identity:
24 td"o(L + tK) = i(X)o(L + 1K) .

Next choose a 1-form = of type (1, 0) on M-zero (X) such that there,
(2.5) z(X)y=1.

Such a “projector” for X is easy to come by and in terms of it we may
construct the power-series of forms:

(2.6) 7=9l + 1K) -z/(1 —to), 0 = d’x.

An immediate consequence of (2.4) and (2.5) is then the following
Basic Identity :

2.7) oL + 1K) + td"y — iX)p =0 .

Theorem 1 now follows from (2.7) by an application of Stoke’s theorem.
Indeed let E, X, M, 4 and ¢ be as in Theorem 1 and let N run over the
components of zero X. Also let N, be e-neighborhoods for N, oriented
coherently with M, and let 6N, denote their boundaries. Assume in addition
that deg ¢ = m = dim M.

We then define Res () by the formula:

2.8) Res, (V) = —lim | o(L + 1K) - 7 /(1 = t0) li-spr
T e

B
so that
Res,(N) = (L)’"ﬁm p (=D
2z

=0
N,

where 7™~ is the coefficient of *~* in 5. Consider now the coefficient of /™
in 2.7).
For dimensional and type reasons, one then obtains the relation

2.9) oK) + dp™P = 0, on M-zero X.

Hence by Stoke’s theorem we obtain the equalities :
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o®) = ()" fso(K) |5 im [ o0

2.10) — (

hm dytm=v
M-N,

=< )}jhm 7;<m1>—zRes(N),

e=0

which establishes Theorem 1.

One may extend Theorem 1 to the case deg ¢ < m provided zero (X) con-
sists of nondegenerate components whose dimensions are less than the degree
of ¢, in the following manner :

If degree ¢ = m — 1, I > O define

m—1
Res,(N) = ( 2::- ) li_r.l;l oL + 1K) - 7o' [ (1 — 1) |;-5om -

Then a similar argument can be applied to the identity, obtained by multiply-
ing (2.7) by w!, to obtain the formula

)mgo(K) . o{M) = 3 Res,(N) .

@2.11) ( 5

However, d"op(K) - = - w'~' = ¢(K) - o' so that the left hand side of (2.11)
vanishes provided dim N < deg ¢, as it should in accordance with (1.8).

3. The proofs of Theorems 2 and 3

It is clear from the preceding section that the proof of (1.13) hinges on an
explicit evaluation of the limit f,y.7 as ¢ —— 0. We start therefore with some
general remarks on the existence of limits of this type.

Consider then the following situation. We let M be an oriented Riemannian
manifold and let N © M be an oriented connected compact submanifold of
M. The square of the distance from N is then a well defined C= function
near N which will be denoted by I and N, shall denote the e-neighborhood
of N:

= {pllxp) < % .

For ¢ small enough say <¢), M’ =N, will then be fibered into discs by the
geodesic projection

g:M — N
and ¢ will furthermore induce a fibering
¢,:o0N,— N,
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of the boundary oN,, into oriented spheres of dimension » — 1, where v is
the codimension of N in M,

We will denote the ring of C= differential forms on a manifold M by 4(M),
and indicate the induced homomorphism of a C~ map by an upper asterisk.
Thus

o¥: A(N) — A(®N,)
is a well defined ring homomorphism,
The integration over the fiber in N, — N will be denoted by ¢%,. Hence
05 A(GN,) — A(N)

is an additive homomorphism only, and decreases dimensions by (v — 1).
These two operations are adjoint in the sense that

3.1 fu - o¥y = fa:ku -v, ue A(GN,), ve AN) ,
E

N,

and this formula characterizes o¢?,.

Suppose now that 7 is a form defined on M” — N, and let (,: N, —M be
the injection. For e < ¢, we may then construct the form ¢ - ¢¥» on N, and
consider the limit

(3.2) o,(7) = lim o - &y .
e—0

Clearly if this limit exists as a C* form on N, then

Under these circumstances we therefore say that

Iim {5
e—0
N,
exists locally on N, and refer to ¢,(z) as the principal value of y on N.
We will need a criterion for the existance of principal value for » when

is of the type

p=p/f*
with g e A(M") and f a C~-function on M’ which is non-negative and assumes
its nondegenerate minimum on N, Thus f has the properties:

(3.3) f>0o0n M, FY0O) =N

and f has no critical values other than 0 on M’,



A RESIDUE FORMULA 321

3.4) On N the Hessian of f has rank = codim N .

Following Morse we will call functions of this type “neighborhood func-
tions” of M. Note that the function [, of course satisfies these conditions and
is in fact the prototype of a neighborhood function for M.

To state our presumably well known criterion, consider the normal Taylor
expansion for p € A(M’) at a point P e N. Such an expansion is constructed
as follows,

Let {x,., - - -, X} be a coordinate system on N centered at P and valid in
apatch U > P on N. Also let y,, ---,y, be C~ functions on U’ = ¢~(U),
so that
(3.5 Oy -+ o5 Voo OFX,uqy + - =5 0FX,)

form a coordinate system over U’ with respect to which N is described the
conditions y, = - =y, = 0,

We may now take the Taylor expansion of p relative to the coordinates
(3.5), and lump the x terms together to obtain an expansion of the form:

(3.6) p= 2 ydy' - o¥u,,

with p,, € A(N) while y* and dy? are short for yg1 - .- y» and dyfr - - - dyf,
the @, being non-negative integers, while the 8, range over the integers O and 1.
Under the substitution y, -— 1y, the various terms of (3.6) pick up different
powers of 2, and so break up this series into components x* of normal homo-

geneity k;
EPWLE

k20

Thus if we set || = } a;, then

p® = .f; ky“d}"sa*#a,s .

We now say that x vanishes to order n mod N at P if all the ¢ with k < n
vanish at p. This condition is seen to be independent of the normal coordinates
chosen-indeed, also independent of the projection o, and if 4 vanishes to
order n at all Pe N we say simply that p vanishes to order » mod N. We
also record this fact by the notation :

p=0 mod N* ,

Note that “vanishing mod N*” is a purely C= notion, and as remarked above,
independent of the projection ¢ : M’ — N.
With these conventions understood one has the following proposition :
Proposition 3.1. Let ¢: M’ -— N, be as above and let ; be a C* form in
A, If p vanishes to order 2n relative to N :



322 RAOUL BOTT
2=0 mod N** |
then the limit
oxlp/f?) = lim ag - F(u/f7)
exists for every neighborhood function f of N. In fact if near P, y is given by

p= 2 YAy - 0% pe,

then
- , “dy?
(3.7) ot/ = T | [ T o,
1@
where Y’ denotes the sum over those «, 5 with
+ =2n,

69 el + 141

[Bl=v-—1,

and the integral is taken over the ellipsoid I¥(y) = 1 in R*.
The proof of this proposition is quite straightforward. Near P let

n= F(Zn) + F(zn-ﬁ) + ..
be a normal series for 2 and let
F=10 410 4 e, by =10 419 4

be the normal series of f and /. That these start with the second order terms
is of course a direct consequence of the conditions (3.3) and (3.4). They
imply furtheremore, that the quadratic forms in y : f& and I{? are positive
definite. Hence by an easy extension of a lemma of Morse, we may find nor-
mal coordinates {y;} for N near P so that there

ly= 3.
In these coordinates, 9N, is given by the equation
3.9 Y=,

Hence {3, > 0 on 8N, so that near P, y4/f* is uniformly and arbitrarily well
approximated by the partial sums of a series of the type:

) c c
#(2) % + (2)1n+1 + (2)277.+2
1 (f1 1

‘s
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the normal degree of ¢; exceeding 2(n + j). Thus the terms involving ¢; are
homogeneous of order > 0.

Now the operation ¢%, consists of integrating “relative to the y coordinates™
over the sphere (3.9). Hence all these terms disappear as ¢ — 0, while the
leading termn which is homogeneous of degree zero stays constant and has a
finite value given by integrating over the umit sphere say, in the y;,’s. The
formula (3.7) follows directly.

With this material out of the way let us return to our problem of computing
the ¢-weight of a nondegenerate manifold N in the zero set of a holomorphic
vector field X. We will therefore assume the conditions and the terminology
of the preceding sections.

Note first that our form 7 = (L + tK) - /(1 — tw) is the product of the
smooth form ¢(L + tK), defined on all of M, and the form = /(1 — tw) which
becomes singular on N,

Our plan is therefore to construct a projector r for X such that z/(1 — tw)
will satisfy the conditions of our lemma and hence have a principal value on
N. Thereafter it follows directly from the permanence law (3.1) that

(3.10) ouln} = oL + 1K) - o4/ (1 — t0))

where ¢* denotes the restriction to N. Hence under this assumption one
obtains the expression

BG1)  ResW) =~ [Fo@ + ) - 04fm/ (L — 1)} eei -
2 F

It should be stressed here that ¢,(x /(1 — tw)) need not exist for a general
projector x, although the limit of ;7™ will of course still exist.

To construct such a good “projector” r for X one proceeds in the following
manner. Recall that the action §(X) of X on TM induces a splitting

(3.12) TM|N = TN @ image§ | N

along N. First we choose a Hermitian structure on 7'M which makes this
decomposition orthogonal, and denote by & the connection which it induces
on TM. Next we construct the analogue of L, that is, an endomorphism

A:TM - TM
defined by
A-s=06X)-5—3x-5 se I'(TM).

One then has the following analogue of Theorem 3.
Theorem 4. Let n denote the form of type (1, 0) given by
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(3.13) 7= —(FX, AX) || AX' |

where A and § are as above, and the prime denotes the type (1, 0) part of &
and X. Then r is a projector for X in a suitable neighborhood M of N, and
the form n /(1 — tw), w = d"r has a principal value on N which is given by

(3.14) os(z](1 — tw)) = (—2miyr=1/det (6" + tk) .

Here ¢ is the endomorphism induced by 6(X) on the normal bundle of N in
M, and k* denotes the curvature of the normal bundle to N relative to the
connection induced on it by §.

Before we give a proof of this theorem we will show that Theorem 2 follows
from it directly. For this purpose we first extend the = given by (3.13) to a
projector for X on all of M-zero X. Thereafter combining (3.10) with (3.14)
we obtain the expression

(3.15) Res,(N) = f Fo(L + tK)/det (6 + 15 |,oins

N

whose right hand side clearly represents
{p(E|N)/det (6" N)}(N)

and so establishes the

Corollary. Theorem 2 is valid.

We come now to the proof of Theorem 4. First it therefore has to be
checked that r is a projector for X in some vicinity of N. Now A4 extends
the endomorphism # | N and hence, because of our nondegeneracy assump-
tion, is nonsingular in the normal direction to N. Thus in a suitable N,, | AX |?
will vanish only on N and in fact will be a neighborhood function for N.
Thus 7 is well defined near but away from N. Clearly in this region

2(X) = —(652(X"), AX)|| AX' " .

Hence (3.12) and the fact that (X)) - X’ = O imply that =(X) = 1. Thus =
is a projector for X.

Next we turn to the principal value of z/(1 — t@). We must therefore
estimate the forms = - w? !, g=1,2, --.. To derive an expression for this
form from (3.13) we use the invariance of the inner product under §. Also
to simplify life we will drop the prime on X and until further notice write
simply X for X’—the type (1, 0) component of X. Now then, it follows that

70t = —('X, AX)[— (30X, AX) + (X, FAX) . | AX |

(3.16)
= (—1)UF'X, AX) - {kX, AX) + (&X, 5'AX))3 - | AX |-%

where k denotes the curvature of §.
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We claim that the numerator (3.16) is congruent to zero mod N*, Indeed
we clearly have

3.17 X=0 mod N* |

if we extend our mod N notation to forms with values in 7M in the natural
way, so that such a form vanishes mod N” if and only if all its components
relative to a local C= frame for TM vanish mod N=.

The derivation property of § then implies that

X =0 mod N,

and in fact also that the other terms kX, 54X appearing in inner products
of the numerator vanish mod N'. The individual inner products are therefore
0 mod N* and our assertion is immediate,

Applying the criterion of Proposition 3.1 it follows that z?~! has a principal
value along N so that ¢.(z /(1 — tw)) is well defined and could be computed
according to (3.7). Up to this point the orthogonality of the decomposition
(3.11) was not used. Hence /(1 — tw) always has a principal value on N,
although the value would be quite difficult to determine in general.

However under our assumptions one also has the following

Lemma. Let N have codimension v in M and set

(3.18) 0= (—1yEX, 4X) - (0'X, §AXY) .
Then under our hypothesis on z,

_ fg—1 QkX, AX)?—
3.19 ey = (=1 ( 8 7 o, |FEL LT
(3.19) Tulmot™) = (=D {7 7 o | TR
In particular, o.(zw*™") = 0 for q < v, and qua power series in t,
(3.20) gx(m)l — tw) = 76, [2]{| AX | + t(kX, AX)}] .

To establish (3.19) all the other terms in the binomial expansion of (3.16)
have to be eliminated. For this purpose consider the nature of X near Pe N
in greater detail.

Because N is a holomorphic variety we can find a coordinate patch U
centered at P, with holomorphic coordinates {z,, - - -, 2}, m = dim M such
that

NNU={gelUlz(g = - = z(9) = 0}

v being the codimension of N in M.

Because X is nondegenerate near N one can furthermore choose these
coordinates in such a manner that on U
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(3.21) X=— 552X, -2 modnt,
0z,

with «, § ranging over the integers 1 to v, while |X,,| is a nonsingular ma-
trix of holomorphic functions,
Note that from (3.21) it follows directly that

sy =%%x,2  mdN' 1<a<vy
oz, B=1 02,
(3.22)

ox): 2 =0  modN* i >,
0z;

Hence the matrix | X,,| represents 4 along N:

9 9
3.23 A2 =>Xx, 2
-23) 3z, |y 5% 92, ly
whence, finally aaz (=1, --,v)are in the image of 4| N while the remain-

&

ing restrict to elements in the kernel of ¢ |N. Hence

7

(3.24) (a , 9 )so modN', 1<a<v<j,
0z, 0z

from which it follows that the connection forms ©;; of § relative to our base
{ d
0z

(3.25) 0.,;,=0 modN

} satisfy the condition

1

in the same range of indices: 1 < ¢ < v < j < m. Indeed the special nature

of 4 implies that the whole connection matrix @ is expressed in terms of the

matrix A of inner product (88 , 9 ) by the formula @ = d’H - H?, so
i Z;

that (3.25) follows from (3.24) and the fact that d’ preserves the order of

vanisning mod N.
Now, then, consider the covariant derivative §X. One has

(326)  0X = — D{daX) ® - +2.X.,0,,® 0| mod e,
92, 9z;

with «, 8 ranging over 1, - .., v, while j ranges from 1 to m. Applying (3.25)
we see that the components of §X in the tangential direction to N vanish
mod N? so that one finally obtains the expression
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(3.27) 5X = 37 o, -2~ mod N
=1~ 0Z

where the p, are certain 1-forms, v in number. It follows that mod N° both
("X, §’AX) and (3’X, AX) are in the ideal generated by these v I-forms so
that

(0'X, 8’'AX)(8X, ¥ AX)"**s = 0 mod N2+9)+1

whenever s > 0. But then no terms which involve (3'X, 5’AX) to a power
greater than (v — 1) can contribute to g (rw?™?).

On the other hand terms involving this form to a smaller power do not
contain sufficiently many “normal differentials” to enter nontrivially into the
integration. Indeed let

k=Ko £ kW 4 ...
be the normal expansion of £ relative to real coordinates {y;}, i=1, ---, 2v,
given by the real and imaginary parts of z, - - -, z,. Then £ involves no

dy’s. Further we clearly have
kX, AX) = (k"X, AX) mod N* .

Hence we may replace (X, AX) by (k°X, AX) in (3.19) and then our as-
sertion is self evident,

This completes the proof of (3.19). To pass from there to (3.20) is then a
purely formal matter.

At this stage then, the proof of Theorem 4 is reduced to the derivation

of the formula:
(3.28) 0,02 {(AX, AX) + 1(kX, AX)}™] = (— 2xi)*/det(6” + tk*),

and this relation now follows directly from our algorithm (3.7) once we make
the following observations.

Consider C* with coodinates z, ---, z,. Also write (,) for the usual
Hermitian inner product in C*, and write v for the differential form

(3.29) v(2) = (~ 1y(dz, 2) {(dz, do)}* .

Then the following holds :.
Lemma. Let a: C*— C* be an endomorphism and define a formal power-
series (1 + ta) in t by the formula

- v(2)
o1 + 1) = f {(z, 2) + t(az, D)}

zi=1
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where the integrand is to be first expanded in t and then integrated over the
unit sphere in C*, Then ¢ is given by the formula

—My. L
(3.30) oA + ta) = (1) dord 1 1a)
Furthermore
3.3 ¢(1) = (— 2xiy .

Proof. Let H* denote the positive definite self adjoint transformations of
C*. For p ¢ H~ the integral

3.32 = (@
( ) &(p) 0z OF

lz]=1

is well defined. Further the rational form v(z)-(pz, z)*, which is clearly holo-
morphic in C, — 0 is seen to be closed there:

(3.33) d{v(z)-(pz,2)} = 0.

If we change variables in (3.32) by setting z = nz/, where » is an auto-
morphism of C*, then ¢ is given by

v(nZ)

o) = oz 7y

inzj=1
Now v(nz’) = det(n-n*).v where n* is the adjoint to n, as is easily checked.
Hence
(')

(3.34) ¢(p) = det(n-n*) —
(n*pn ', z')

(nz’')=1

However the surface | nz’| = 1 is homotopic to the surface [z]=1 in C* — 0,
whence by (3.33), we may replace this surface [nz’|{ = 1 by the unit sphere in
the integral (3.34). There results the identity

(3.35) $(p) = det(n-n¥)g(npr*)

valid for all p e H*. To proceed further recall that every p e H* may be writ-
ten in the form

p = mm*

with m nonsingular and even in H*. Setting n = m~" in (3.35) one therefore
obtains the identity
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1

3. =
(3.35) ¢(p) doip

- o(1)

valid on H*.
Next let p ¢ H* and let & be an arbitrary self adjoint transformation, Then
for small real ¢

p+thheHd .

Hence (3.35) implies that qua power series in ¢,

1

¢ th) =—— -~ .
$p + 1) det(p + th)

(1) .

On the other hand the power series ¢(p + th) depends on 4 in an algebraic
manner. Hence the identity (3.35) is valid also when # is replaced by ik;
. "'—
= 5— 1 .

Now finally let a be an arbitrary transformation. We may then decompose
it in the form

a=a* + ia”

where a* and @~ are Hermitian. Hence for small real ¢ we have the numeri-
cal identity

1

&{[p + ta*] + tia~} = o T -

#(1)

from which the desired formal identity (3.30) follows.
We leave (3.31) to the reader; the formula follows from

@) = (- — 1! > dzdZ ---dz,Z, --- dz dZ,

and the usual formula for the volume of §%-*,

Let us return now to the proof of (3.28) and so complete the proof of
Theorem 2.

Using the coordinates z, of (3.21) and the criterion (3.1) it is then easy to
see that the value of ¢, [2{|4X* + kX, AX)}~*] at P is given by the integral,

(— 1)(A4 dz, A*2)(A dz, A*dz)~
{(A%z, A%Z) + t(k Az, A}

over the unit sphere in the z’s where 4 and k stand for the normal com-
ponents of 4 and k at P. Now replacing z by A%z this integral transforms to
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J‘ (— 1)y (4-'dz, 2)(A™dz, dzy* !
{(z, 2) + t(kA™, 2, 2)}

and hence is equal to

-
det 4!

1

det(A4 + tk) ¢

- P + thA™) =

Recalling that 4 represents ¢| N along N we therefore obtain the desired for-
mula (3.28),
Theorem 3 can clearly be proved in a quite similar manner.
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